Midterm Exam Calculus 2

19 March 2018, 9:00-11:00

The exam consists of 4 problems. You have 120 minutes to answer the ques-
tions. You can achieve 100 points which includes a bonus of 10 points.

1. [54+10+5=20 Points] Let the function f : R? — R be defined as

$2y :
— ) e if (z,y) # (0,0)
ren={ % G Zho

(a) Show that f is not continuous at (z,y) = (0,0). [Hint: consider f along the
curve parametrized as (z(t), y(t)) = (¢,t?).]

(b) Show that the directional derivatives of f at (z,y) = (0,0) exist in all directions
u = (v,w) € R? with v* + w? = 1 by using the definition of directional deriva-
tives. Note that you will have to distinguish between the two cases w = 0 and
w # 0.

(c) Is f differentiable at (z,y) = (0,0)? Justify your answer.

2. [15410=25 Points] Let a,b > 0. Consider the curve parametrized by r : [0,1] —
R3 with
r(t) = e cos(bt) i+ e*sin(bt) j + e* k.
(a) Determine the length of the curve and its parametrization by arclength.
(b) At each point on the curve, determine the curvature of the curve.

3. [64+10+4+10=25 Points] Consider the ellipsoid

2 2
2, Y 2
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which contains the point (zo, yo, 20) = (1,2, 3).

(a) Determine the tangent plane of the ellipsoid at the point (z, o, 20)-

(b) Show that near the point (zo, yo, 20) the ellipsoid is locally given as the graph of
a function over the (z,y) plane, i.e. there is a function f : (z,y) — 2 such that
near (o, Yo, 20) the ellipsoid is locally given by z = f(z,y). Compute the partial
derivatives f;(zo, %) and f,(Zo,yo) and show that the graph of the linearization
of f at (zo,yo) agrees with the tangent plane found in part (a).

(c) Use the method of Lagrange multipliers to find the points closest to and farthest
away from the origin.

4. [20 Points] Evaluate the triple integral

1 paf1—y2  pd—z?—y?
/ / ’ / o e+ dudzdy
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by using cylinder coordinates.
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